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and some other areas. The upper bound for µ 1 (T ) for T , a finite-dimensional, strongly accretive (i.e., Re T > 0) normal operator was obtained by Davis [2] in the year 1980.
The exact value of µ 1 (T ) can be found in [2, 7] . Mirman [11] gave a method of estimation of µ n (T ), the higher antieigenvalues of T , which is defined by Gustafson as follows:
..,f n−1 , (1.4) where f k is the kth antieigenvector. In the year 1989 Gustafson and Seddighin [8] proved the following theorem.
Theorem 1.1. Let T be a normal accretive operator on a finite-dimensional Hilbert space H with eigenvalues λ k = β k + iδ k , k= 1, 2, 3,...,n.
(1.5)
(1.6)
Then µ 1 (T ) is exactly equal to the smallest number in E ∪F . Furthermore, if T is diagonal and
then, µ 1 (T ) = (T z,z )/ T z , for some z with 8) and
Das et al. [1] also proved the above theorem in a different form which seems to be much simpler. They used the concept of stationary vectors and the result holds even if the space is not finite dimensional for operators with complete orthonormal set of eigenvectors.
Gustafson and Seddighin [9] also obtained the bounds for total antieigenvalues of a normal operator on a finite-dimensional Hilbert space.
We have proved the result following the idea used by Das et al. [1] . The result holds even if the space is infinite dimensional for operators with complete orthonormal set of eigenvectors.
Total antieigenvectors.
Let A be a strictly accretive operator on H and let C = A * A, and let |φ A (f )| = |(Af ,f )|/ Af f represent the modulus of the cosine of largest angle through which an arbitrary nonzero vector f can be rotated by the action of A. Now |φ A (f )| is said to have a stationary value at a vector f = 0 if the function w g (t) of real variable t defined by
has a stationary value at t = 0 for an arbitrary but fixed vector g ∈ H. In other words we must have w g (0) = 0 for all g ∈ H.
With these notations, we see that |φ A (f )| is stationary at f if and only if
Since g ∈ H is arbitrary, we have the following theorem.
and A Y be defined as above. A unit vector f is a stationary vector of |φ A (f )| if and only if
The above equation obviously characterizes the vectors for which |φ A (f )| is stationary, in particular, a minimum or a maximum.
We next prove the following theorem.
Theorem 2.2. If for a stationary vector f , Af = A * f , then f is a linear combination of two eigenvectors of A * . If further, A is normal, then f is a linear combination of two eigenvectors of A.
Proof. Suppose f is a stationary vector and Af = A * f . Then, we have by the necessary and sufficient condition for a vector to be stationary
(2.6)
Then
Thus f is a linear combination of the eigenvectors g 1 and g 2 of A * with corresponding eigenvalues β 1 and β 2 .
If further, A is normal, then proceeding as above, we get
as before;
A unit vector f is a total antieigenvector of a selfadjoint operator A if and only if there exist two eigenvectors whose appropriate linear combination (in the sense given below) yields f .
Proof. If f is a stationary vector, in particular, a total antieigenvector, then it satisfies (2.3).
As A is selfadjoint, (2.3) reduces to
Then, Ag 1 = µ 1 g 1 , Ag 2 = µ 2 g 2 , and f = (1/(µ 1 − µ 2 ))(g 1 − g 2 ), so f is a linear combination of two eigenvectors.
Conversely, let f = α i e i + α j e j with |α i | 2 = λ j /(λ i + λ j ) and |α j | 2 = λ i /(λ i + λ j ), where e i , e j are any two eigenvectors of A corresponding to the eigenvalues λ j , λ j .
So
With these values, we can see that (2.8) is satisfied by f . This completes the proof.
Before we discuss the structure of the stationary vectors in the normal-operator case, Example 2.5. This is the most important example in this section. It shows that a linear combination of more than two eigenvectors may exist for the attainment of the minimum of |φ A (f )|. We consider the normal operator A such that Hence,
For a minimum or a maximum, we must have k = (5 + √ 10)/3 or (5 − √ 10)/3. The case k = (5 + √ 10)/3 must be ruled out as in that case k > 1.
For k = (5 − √ 10)/3, we have |φ A (f )| 2 = (20 − 6 √ 10)/ √ 10. Let |(f , e 1 )| 2 = (−2 + √ 10)/3, |(f , e 2 )| 2 = 1/3, and |(f , e 3 )| 2 = (4 − √ 10)/3, so that the unit vector f = (−2 + √ 10)/3 e 1 + 1/3 e 2 + (4 − √ 10)/3 e 3 will be the first antieigenvector of A. However, it is possible to have a combination of only two eigenvectors corresponding to two eigenvalues for which the minimum, in question, is attained. Set |(f , e 1 
)e 2 will be the required vector. We now prove the main theorem.
Theorem 2.6. Let A be a normal operator on an infinite-dimensional Hilbert space H with a complete orthonormal set of eigenvectors e k and the corresponding eigenvalues λ k = β k + iδ k such that for any unit vector f ∈ H, Af = λ k (f , e k )e k . If |φ A (f )| is stationary at f and f is not an eigenvector of A, then either f is a linear combination of two eigenvectors, or there exists a suitable linear combination g of two eigenvectors corresponding to two distinct eigenvalues such that |φ A (f )| = |φ A (g)| and |φ A | is stationary at g. Further, the relation
holds if λ k = β k + iδ k and λ j = β j + iδ j are the distinct eigenvalues referred to as above. 
Proof. If |φ
If f is not an eigenvector, then f may be a linear combination of two eigenvectors corresponding to two eigenvalues λ k which satisfies (2.3). If, however, f is a linear combination of more than two eigenvectors, then we show that there always exists a linear combination g of two eigenvectors corresponding to two eigenvalues such that |φ A (f )| = |φ A (g)| and |φ A | is stationary at g.
Let Ae k = λ k e k and Ae j = λ j e j , where λ k , λ j satisfy (2.15). We find α k and α j such that g = α k e k +α j e j , |α k | 2 +|α j | 2 = 1, |(Af ,f )| = |(Ag, g)|, and Af = Ag . We now show that |φ A | is stationary at g.
Choose |α i | 2 = |λ j |/(|λ i |+|λ j |) and |α j | 2 = |λ i |/(|λ i |+|λ j |) such that |(Af ,f )| = |(Ag, g)| and Af = Ag . We first show that g is a stationary vector.
We have
(2.16) and so
and so
So, g is a stationary vector as it satisfies the necessary and sufficient condition. Also we have,
Hence, the proof of the theorem is complete.
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